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Let G be a domain in R” and TG = R” + iG c C” be the tube domain over 
G. In this paper we consider the Bergman spaces B,( T,), p > 1, consisting 
of functions f holomorphic in T,; and subject to the condition 
If(x + iy)l” dx dy < x8. (1) 
It turns out that the elements of B,, 1 6p d 2, can be represented by 
Fourier transform, and the results obtained along this line are simple and 
similar to the well-known results for the Hardy Lebesgue spaces H&T,), 
1 <p < 2 [I, 23. In spite of this, the spaces B, have some specific features; 
for example, one cannot assert that every function in B, has boundary 
values in 15, sense. 
Our main results are contained in the following three theorems: 
THEOREM I. L.c~ I’c R” be an open connected cone with the vertex at the 
origin and let P be the conjugate cone of r, i.e., the set defined by the 
equality 
I’*= (tE(W”, (t,y)3OforeueryyET}, 
where (t, y) = x;=, t/y,, Then any function f belonging to B,( T,) has the 
f orm 
f(=) = j,.* e”‘. ‘)g( t) dt (2) 
with g continuous in f * and satisfying the condition 
lg(Ol&- 
K(it)’ 
C = const, t E f *, 
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K(z) =jr e’(‘* “‘du 
is the so-called Cauchy kernel of r [ 11. 
In the formulations of Theorems 2 and 3 below we use the same 
notations. 
THEOREM 2. A function f belongs to B,( T,.) if and only of it has the form 
(2), where g is measurable and 
i 
K(2it)lg(t)1’dt< c(;. 
I‘* 
THEOREM 3. Again, let I be an open cone in R” with vertex at the origin 
which, in addition, is star shaped with respect to some point of I. Then any 
function in B,,( T,), 1 < p < 2, has the form (2) with some measurable g sub- 
ject to the condition 
r 
J 
e ““‘K(qit)(g(t)lY dt < CD, ‘+L 1, 
t-0 P 4 
for every E > 0. 
The kernel K has been calculated in many cases [3]. In particular if we 
take n = 1 and I= (0, + co) we immediately get I* = I and K(z) = i/z. 
The proofs of Theorems 1 and 2 are straightforward and are sketched in 
[4]. Here we shall give a proof of Theorem 3. To this end we need some lem- 
mas. 
LEMMA I. Let f E B,,( To), p >, 1, and 52 be a subdomain of G such that 
the distance between the closure of Q and the boundary of G is positive. Then 
we have lim ,r, _ T f(x + iy ) = 0 uniformly with respect to y E Q. 
The proof can be carried out by means of the mean value formula (see 
[5, Sect. 371 for a similar argument). 
LEMMA 2. Let f E BP( To), p 2 1, and S, S c G, be a k-dimensional sim- 
plex with vertexes y,, y, ,..., y,, 1 <k <n. Suppose we have 
(4) 
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The proof can he uccomplished hi induction on k. In the crucial CU.W k = I 
we consider the .function .F r!f one comple.r r*uriuhle de/ined by. the cyualit~. 
.9(r)= i .f(f+izy,,+i(l -2)j.,)&t)dt, fp E c’,; ( R”), 
- R” 
and, .following Stein [6 3, get the ineyuulit), 
I,(u,v,+(l -u)~,)~~,,(Y,,)“~,(Y,)‘-“~ OQudl, (5) 
and complete the proof The induction is immediute. 
COROLLARY. Ij:f~ BP( T,;), p B I, thejirnction (4) is well d@ed und con- 
tinuous in G. 
Indeed by Fubini’s theorem we have I,, < 00 almost everywhere in G and 
Lemma 2 implies I,,(y) < CC for any J’E G. The continuity of I,, is a con- 
sequence of (5). 
The main tool in studing the space B,( T, ), 1 <p < 2, is the following 
theorem, proved in [4]. 
THEOREM 4. Let f he holomorphic in 1, und the condition 
dJ< Cc, 1 <p<2,1+1= 1 (6) 
P 4 
hold. Then f has the form 
,f(i)= *  
J 
R” e”‘. “g(t) dt. 2 E T,, , 
with a measurable g sutisfying the condition 
i I 
e M’. “‘lg(r)l” dr dy < CC. (7) 
16 
We will prove Theorem 3 by applying Theorem 4. Since the relation 
fe B,(T,), I <p < 2, does not imply (6) we need a helpful result, one which 
is of some interest by itself. 
THEOREM 5. !f 1‘~ R” is an open cone with vertex at the origin, which is 
star shaped with respect to some y. E I- and f E B,( T,.), 1 ,<p, then the 
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function f>(z) = f (z + i&v,,), 6 > 0, belongs to the Hardy-Lebesgue space 
Hp( Tr). 
ProoJ: It is easily seen that the star-shapedness of r implies,f, E BP( T,.). 
The proof of the inclusion fs E H,,( T,) is more complicated and relies on 
the fact that f6 is representable by the Poisson integral. In order to 
establish this, we introduce a non-negative function )I, x E C’;(W), such 
that jRn ~(1) dt = 1 and supp xc -r*. It is not difficult to verify that the 
Fourier transform i of x is an entire function and satisfies the inequalities 
Ii(z)1 < C,.(I + Izl) .?, z E T, , Y = 0, 1, 2 ,..., (8) 
where C, are constants and Co = I. Taking into account (8), by means of 
Holder’s inequality we conclude that the function fii(z) I, [: > 0, belongs 
to B,(T,). Now we consider the function 
1 
- 
h(r) = (2n)” I 
e”‘. ‘If,(x) i(m) d.r, R” (9) 
which in view of Lemma 2 is well delined and continuous in R”. Having in 
mind Lemma 1, by repeatedly applying Cauchy’s one-dimensional theorem, 
we get 
h(r)e’J’.“=&~x~e i(rs’&(.~ + iy) ~(EX + icy) d,u 
for any y E f. In turn (10) implies the relation supp h c -I’*. Indeed let 
f,, c -I-*. In this case there exists y, E f such that (I,, y,) >O. Now let I;,, 
f,,c f, be a closed rotatory cone with vertex at the origin and axis y, for 
which we have (lo, y)ac’lf,I Iy(. YE To, with some c>O. By integrating the 
inequality 
Ih( e”‘.“” < 
1 
‘@ip R” 5 
IfJx + iy) ~(E.Y + icy)1 c1.v 
over 1’, we immediately conclude that h(t,) = 0 and get the inclusion 
supp h c -r*. In other words we proved the equality h(r) = m(t) h(r), 
t E R”, where m is the characteristic function of - f*. Further we introduce 
the Cauchy kernel 
which obviously is the Fourier transform of the function t + m(t) e’)‘. “. 
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Now the well-known relation between the convolution and the Fourier 
transform together with (10) gives us 
1 
/,(z)~(E=)=~ ZE T,, (11) 
which is decisive in the proof. Arguing just as in [ 1. Chap. 3, Sect. 33 we 
iset 
/d(z)i(l:z)=~~“.Jg(l)~(c~)P(~--l)d~, ZET,, (12) 
where 
is the Poisson kernel of Tr. Since PE L,(W) and, according to the 
corollary of Lemma 2 fh E L,( R”), we may let E + 0 in ( 12) and obtain 
h(z)= -&(l)P(--r)dt, J 
ZET,.. (13) 
Finally by applying the Young inequality to the convolution (13) we get 
i.e., I,,( y + Jy,) < l,,(b~~,) for any y E r, and the proof is completed. Thus we 
have everything necessary to prove Theorem 3. 
Proof of Theorem 3. Consider again the function fb(z) =f(z + idy,,), 
6 > 0. Since J6 E BP( T,-) and, as we have seen I,,(y + 6y,) < C= const, we 
get 
I I,(y + Gy(f ' dy 6 cq 2 j I,( y + 6yo) dy < zc, I‘ I- 
because q > 2. It turns out that the function flj satislies the conditions of 
Theorem 4, so we have 
f‘(t+idyo)= e”‘~“g,(r)rlf 
s r* 
(14) 
with 
I K(qit)lg6(t)ly df < sc, I“ (15) 
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for, by an argument similar to that used in the proof of Theorem 4, one can 
prove that supp g, c r* and (15) follows immediately from (7). Finally, 
using (14) with 6 = 6,, v = 1,2, we obtain 
and conclude that 
,-6lbQ. 0 ga,(r) = e &JO. Ogii&) 
a.e. in R”. Thus we may set g(z) = e”‘-“O.“g,(r) and rewrite (14) in the form 
.f‘(z + i&J = e”’ + d.W. ‘jg( 1) dl. 
I“ 
Since any z E T, can be represented in the form z = w  + i6y, with w  E T,- 
and 6 > 0 sufftciently small, the proof is completed. 
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